APPENDIX II
PROOFS FROM SECTION V

A. Proof for Lemma 1
Proof. Let x* be such that v(x*) = 0. Then, for all ¢ > 0,
Xpp1 — X =% — X5+ Bi(vi(xg) — v(x*) + Migq).
Now, using the standard expansion, we get
xer1 = x*[1* = [lxe — x* + Be(v(xe) = v(x*) + Mygr) |12
= [P — x| + B7[[v(xs) = v(x) + Mg ||? (7a)
+ 28 (%t — x*, v(xt) — v(X") + Miyq). (7b)
For the term (7a), we note that
V() = v(x") + Mg |2 = [v(xe) = v(x) |2 + [Miga |2 + 2(v(xz) = v(x"), Misa).
For the term (7b), since —v(-) is A-co-coercive, we have
(xp —x*,v(x;) = v(x")) < =A[v(x;) — v(x")|]*.
Hence,
2B (xy — x*,v(xy) — v(X*) + Mip1) < =2X8¢||v(xe) — v(x*)||2 + 28 (x¢ — x*, My41).
Returning to (7), we get
41 = x| < [l = x| + B7 [[v(xe) = v(x)|1? + B [ My |2
+ 267 (v(xt) = v(x*), Mip1) — 208 v (x) — v(x")|]?
+ 26 (x¢ — X", My4q)
= [lx; = x| = Be(2X = By)[[v(xs) = v(x) 1 + B [ My |2
+ 2Bt<xt - X*7 Mt+1> + 26,52<V(Xt) - V(X*), Mt+1>.
Since Ty > 1/A, Bt < A for all ¢, then 2\ — 3; > A, and so
41 = x[12 < [l = X2 = ABel|v () = v(x*)||* + BF[[ M [
+ 25t<xt — X*7 Mt+1> + 25?<V(Xt) — V(X*), Mt+1>.
On taking expectation conditioned on F;, we have
Elfx; —x", M) | F] =0, E[{v(x;) = v(x*), Mi11) | Fi] =0,

since {M;1} is a martingale difference sequence with respect to {F;}, and both x; and v(x;) are F;-measurable.
Therefore,
E [Ilxes1 = x* |2 | Fe] < llxe =717 + B7E [[IMera|® | Fe] = ABelv(xe) = v(x)]?
< [l — x| + Bio® (1 + [xe|*) — ABel[v ()|
<l = x| + 2670% e — %717 + B0 (14 2]x7|1%) = ABe[lv(x0) 1%,

where we used v(x*) = 0 for the second inequality. This completes the proof for Lemma 1.

B. Proof for Lemma 2

Proof. Taking expectation and dropping the negative residual term in Lemma 1 gives, for all ¢ > 0,
E [[ee1 —x[17] < E [llxe — x*|7] + 870 (1 + 2[x*|*) + 2870°E [[lx — x"||*] .

Summing from 7 = 0 to ¢ — 1, we get

t—1 t—1

E [|lx; —x"|*] < E [lxo —x"|°] + 0% (L +20x7|%) D 57 +20° Y B7E [||xi — x"|1?]

=0 =0



Set
B =R [|xo—x*|*] + o (1+ 2/Ix*[|*) > 5.

i=0
Then
t—1
E [|lx¢ — x*||2] < B + 202 ZﬁEE [l — X*Hﬂ .
i=0

By the discrete Gronwall inequality it follows that
t—1
E (Il - x*|2) < Bexp(202 Y 82),
i=0

Since Z?io B2 < oo, the right-hand side of the above bound is itself bounded by some constant I'; :=
Bexp (202 Sco Bf) > 0. Hence there exists I'; > 0 such that

supE [||lx; — x*||*] <T.
>0

C. Proof for Lemma 3

Proof. Taking expectation in Lemma 1, and rearranging terms, we get
ABE [[[v(x)[P] < E [l =[] = E [[lxen —x|?] + 70 (1 +2[x7|%) + 2670°E [[lx. —x"|?] .

Summing from ¢ = 0 to ¢ gives

t t t

A BE[IVE)IP] < E[lxo — x 1] = E [Ixerr — x7|P] + 0 (1 +2[x7|%) Zﬁf +20% ) BT [|x; —x"|*] .

i=0 i=0 i=0
Dropping the nonnegative term E[||x;1 — x*||?], we obtain

t

t t
A BE[IvE)IP] < E[lxo —x*|°] + o (1 +2lx(1?) D 57 +20% Y B7E [[Ixi — x"|1%] .

=0 i=0 =0

Now using
E [|lx; — x*||*] < Ty,

we get
t

t t
A CBE[IIv(x:)*] < E [llxo — x*|1°] + o (1 +2/x*?) > 87 +20°T1 Y _ 7.

i=0 i=0 i=0
Since Z;}io Bf < 00, we have

t

A BE [Ivee)I?) < E [l — 7] + (02(1+ 207 7) +20°T1 ) S 52,

i=0 =0
Define
1 2 2 |2 2 — .2
o= 3 (Bl =) (o7 (0 217) + 20°m0) 3052 ).

Then, for all ¢ > 0,
t

3" BE [|v(x)|?] < Ta

=0

This completes the proof. O



D. Proof for Lemma 4

Proof. We first note that co-coercivity of —v implies that v is (1/))-Lipschitz. Indeed, for all x,x’ €

Alv(x) = vE)IIP < —(x =%, v(x) = v(x')) < [lx = x||[[v(x) = v(x)]],

and hence 1
[v(x) = v(x)| < XHX - x|

(a) Bound for E|Uyg|>.
Expanding and taking conditional expectation yields

[Ugs1l® = (1 = Br) Uk + BecMiy1ll3
= (1= Be)*IUk)® +2(1 = Br) Br(Uk, Myg1) + B2 [ Myt |1,
E[[Uggall® | Fil = (1 = Br)? 0|1 + B E[|Mysa[* | Fi,

since E[Mj, 1 | Fi] = 0 implies
E[{(Uk, My41) | Fi] = (Uk, E[My11 | Fi]) = 0.

Taking total expectation and using

E[ My < 0(1+ Ellxil|2) < 02(1+ 2E||xs, — x| + 2]x"[|2) < 02(1 + 2Ty + 2[[x"[|2) = 4,

we get

E[[Upt1]* < (1= ) *E[[UL 1> + AB;.
Since B, € (0,1], we have (1 — x)? < (1 — fBx), hence

E[[Urr1]? < (1 = Bo)EIU|* + ABE.

Now we know, )
= 0.b<b<1.
Bk (k + To)b

Hence

1 1 1 -
Br — Br+1 = (k+ Tp)® - (k+1+Tp)® = (k+TO)b(1_(1+k+TO> )

Using the inequality 1 — (1 +¢)~°® < bt for ¢ > 0, we obtain
1 b b

— < . = .
P = Prar < (k+To)® k+Ty (k+Tp)o+!
Also, )
2 _
Bk o (k -+ T0)2b '
Therefore 5 8 b
k — Pk+1
< 0.
B Skt T

Since b < 1, there exists kg such that )
Bk = Brtr < 5Bk V> ko
Now define

E||U|?
I's:= max{QA, max M}
0<k<ko Ok

Then, by definition,
E[ Ukl < TsBy, V0 <k < k.

Now fix k£ > ko and assume inductively that
E[U||* < T34

Then by (8),
E[|Upsa||* < (1 = Be)T3Bk + ABR =T3B8, — (T's — A)Bi.

Nd
R b

®)



Since '3 > 24, we have I's — A > T'3/2, and therefore

B Ukl < Tofl — 267
Also, since k > kg,
B — Br+1 < %513,
which implies
L3(Bk — Br41) < %Bi

Hence
E||Ujs1]? < 38k — D3 (B — Bet1) = aBrt1.

Thus, by induction,
E[[Us|* <T3Bk,  Vk>0.

This completes the proof for part (a).

(b) Bound on the summation of 3,E[||v(z;)|?].
Using the Lipschitz property of v,

v (ze)]| < IVl + [v(ze) = vl < [[v(xe)]l + %HUtII-

Hence 5
[v(z)|I* < 2llv(xd)|* + pllUtIIQ-

Multiplying by f;, taking expectation, and summing from ¢ = 0 to ¢, we get

t t
S B [Iv()]] <22@ (v Geol?) + 55 3 BE [IU3]7]
i=0 1=0

<2l + -~ Z Br.
Define

or
Ty _2r2+—3252

Then \
> BE[|v(z)|] Ty, VE>0.
=0

(c) Bound on E[||v(z;)|?] in terms of E[||v(z,)|?]-
Subtracting the recursion for U; from the recursion

Xe41 = X¢ + Bt (V(Xt) —+ Mt+1>

gives
Zi+1 = X1 — U
=x¢+ B (V(Xt) + Mt+1) - ((1 - B) U + ﬂtMH-l)
=z + Bt (V(Xt) + Ut)
=2+ B (v(zi) + &),
where

e = V(Xt) — V(Zt) + Ut'

By the (1/\)-Lipschitz property of v,

1
ledll < Ivixe) = viz)ll + 11U < (14 5 )0l



Hence, using part (a),

Efled?] < (1+5) ENUJ < (145) Ts.

Since
Ziy1 — %t = Bt (V(Zt) + et),
we have
_ 2yl — 72y — Bre
v(zy) = ————.
Bt
Therefore

[v(zer )l = [[V(2)[I” + [[V(2e11) = v(20)|* + 2V (2e41) — v(21), V(21))
= [v(z)|I? + [Iv(Ze11) — v(ze)|?
2
+ E<V(Zt+1) = v(2¢), 241 — 2t — 5tet>~

t

Since —v is A-co-coercive,
(Ze1 — 21, V(Ze11) — V(2Ze)) < —A[[V(Ze11) — V(Zt)Hz-
Substituting this above yields
2\

IV < v = (57— 1) Ivlae) = v@) |~ 20v(zi) = v(m) e

Now note that for any ¢ > 0, )
1 1
0<|[Veut Tzl = el + 20w + ol

which implies
—cllull® = 2(u, w) < *Hw||2
Applying this with
2
c=——1, u=v(Z¢11) — v(2Ze), w = e,

B

we get 1
vz )I* < v (z)l* + lled]*.

Since Ty > 1/A, Bt < A for all ¢, we have

2\ A
c=——1>
B B
and hence 5,
V(1)1 < [Iv(2o)l* + 5 3 lle”.
Taking expectation and using the bound on E[||e;||?], we obtain
1+ )\_1 2F3
E [Iv(zes)?] < B vz 7] + S Do
Define
r. (1 + )\_1)2F3
5 \
Then

E [[Iv(ze+1)|*] < E[Iv(z0)]?] + 557

Iterating this inequality from j =7 to t — 1 gives

E [IIv(z)]%] > E [[[v(z:)|*] FsZBf,

which proves part (c).



